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ar
X
iv
:1
80
2.
00
28
1v
3 
 [m
ath
.A
G]
  2
8 F
eb
 20
19
DERIVED EQUIVALENT HILBERT SCHEMES OF POINTS ON
K3 SURFACES WHICH ARE NOT BIRATIONAL
CIARAN MEACHAN, GIOVANNI MONGARDI, AND KO¯TA YOSHIOKA
Abstract. We provide a criterion for when Hilbert schemes of points on K3
surfaces are birational. In particular, this allows us to generate a plethora of
examples of non-birational Hilbert schemes which are derived equivalent.
Introduction
The Bondal–Orlov conjecture [BO02] provides a fundamental bridge between
birational geometry and derived categories. It claims that if two varieties with
trivial canonical bundle are birational then their bounded derived categories of
coherent sheaves are equivalent. Whilst this conjecture is of paramount importance
to the algebro-geometric community, it is examples where the converse fails that we
are most interested in. The most famous example of this kind is Mukai’s derived
equivalence [Muk81] between an Abelian variety and its dual. Calabi–Yau examples
have been the focus of a recent flurry of articles: [BC09, Kuz07, Kap13, ADS15,
OR17, BCP17, Man17, KR17], but there were no such examples in the hyperka¨hler
setting until very recently. Indeed, the first examples of derived equivalent non-
birational hyperka¨hlers were exhibited in [ADM16, Theorem B] as certain moduli
spaces of torsion sheaves on K3 surfaces. This article complements this discovery
with further examples coming from Hilbert schemes of points and, in some sense,
completes the investigation initiated by Ploog in [Plo07].
Various notions of equivalence. Throughout this article, we will use D(X) to
denote the bounded derived category of coherent sheaves on a smooth complex
projective variety X. Moreover, we will say that two smooth complex projective
varieties X and Y are D-equivalent if we have an equivalence D(X) ≃ D(Y ).
Recall that two varieties X and Y are said to be K-equivalent if there exists a
birational correspondence X
piX←−− Z piY−−→ Y with pi∗XωX ≃ pi∗Y ωY . The Bondal–Orlov
conjecture says K =⇒ D. Notice that if the canonical bundles of X and Y are
trivial then K-equivalence is the same as birationality.
We will say that two varieties X and Y are H-equivalent if there exists a Hodge
isometry H2(X,Z) ≃Hdg H2(Y,Z), that is, an isomorphism respecting the Hodge
structure and the intersection pairing. For a general hyperka¨hler, Huybrechts
[Huy99, Corollary 4.7] shows that K =⇒ H. However, Namikawa [Nam02] showed
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that there are Abelian surfaces A for which the associated generalised Kummer
fourfolds K2(A) and K2(Â) are Hodge-equivalent but not birational; this was the
first major counterexample to the birational Torelli problem for hyperka¨hlers. Also,
Verbitsky’s Torelli theorem [Ver13, Theorem 7.19] proves that H =⇒ K when the
hyperka¨hler is of K3[n]-type and n = pk+1 for some prime p and positive integer k.
However, if n−1 is not a prime power then Markman [Mar10, Lemma 4.11] provides
examples of Hilbert schemes which are Hodge-equivalent and yet not birational.
Taken together, these results illustrate the relationship between H-equivalence and
K-equivalence of hyperka¨hlers is quite delicate. That is, while Huybrechts says that
K =⇒ H, the converse only holds when we impose certain extra conditions.
If X is a hyperka¨hler of K3[n]-type then the Markman–Mukai lattice Λ˜ is an
extension of the lattice H2(X,Z) and the weight-two Hodge structure on H2(X,C)
with the following properties:
(i) as a lattice, we have Λ˜ ≃ U4 ⊕ E8(−1)2,
(ii) the orthogonal complement of H2(X,Z) in Λ˜ has rank one and is generated
by a primitive vector of square 2n − 2,
(iii) ifX is a moduli spaceMS(v) of sheaves on a K3 surface S with Mukai vector
v ∈ H∗(S,Z) then there is an isomorphism Λ˜ ≃ H∗(S,Z) ; H2(X,Z) 7→ v⊥.
We say that two hyperka¨hlers X and Y are M-equivalent if there exists a Hodge
isometry Λ˜X ≃Hdg Λ˜Y . Markman’s Torelli theorem [Mar11, Corollary 9.9] shows
that M-equivalence almost implies birationality. More precisely, if X1 and X2 are
two hyperka¨hlers of K3[n]-type with an M-equivalence ϕ : Λ˜1 ≃Hdg Λ˜2 then X1 and
X2 are birational if and only if ϕ maps H
2(X1,Z) to H
2(X2,Z). Moreover, if X1
and X2 are both moduli spaces of sheaves on K3 surfaces S1 and S2 with Mukai
vectors vi ∈ H∗(Si,Z), i = 1, 2, then we can use property (iii) above to rephrase
Markman’s Torelli theorem as follows: X1 and X2 are birational if and only if there
exists an M-equivalence ϕ : H∗(S1,Z) ≃Hdg H∗(S2,Z) ; v1 7→ v2. In particular,
in all our examples of non-birational derived equivalent Hilbert schemes, we have
plenty of M-equivalences but none of them preserving (1, 0, 1 − n). It is tempting
to speculate that D-equivalence for hyperka¨hlers is implied by M-equivalence:
K
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In the special case of Hilbert schemes of points on K3 surfaces, the implication
K =⇒ D was established in [Plo07, Proposition 10]. Halpern-Leistner [HL17] has
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announced a generalisation of this result to moduli spaces of sheaves on K3 surfaces.
Acknowledgements: A very similar result was independently discovered by
Shinnosuke Okawa [Oka18]. His result only considers the case when Brill–Noether
contractions exist. The first author thanks David Ploog for a very helpful and
enjoyable discussion. Special thanks also go to Evgeny Shinder and Joe Karmazyn
for pointing out the interesting Example 2.5.
1. Examples which are D-equivalent but not K-equivalent
1.1. Degree Twelve. We work through a specific example in order to demonstrate
how certain Hilbert schemes can be derived equivalent and not birational.
LetX be a complex projective K3 surface with Pic(X) = Z[H] andw ∈ H∗alg(X,Z)
a primitive vector with w2 = 0. Then Mukai [Muk87] shows that the moduli space
Y = MH(w) of Gieseker H-stable sheaves is a K3 surface. Moreover, the derived
Torelli theorem of Mukai and Orlov [Orl97] shows that if there exists a vector
v ∈ H∗alg(X,Z) with (v,w) = 11 then there is a universal family E on X × Y which
induces a derived equivalence:
FE : D(X) ∼−→ D(Y ).
By [Plo07, Proposition 8], this gives equivalences D(X [n]) ≃ D(Y [n]) for all n ≥ 1.
Question 1.1. For which positive integers n, are X [n] and Y [n] birational?
Recall that Oguiso [Ogu02] has shown that the number of Fourier–Mukai partners
of a K3 surface X with Pic(X) = Z[H] and H2 = 2d is given by 2ρ(d)−1, where ρ(d)
is the number of prime factors of d. Thus, to ensure that X [n] and Y [n] are not all
isomorphic, we must have H2 ≥ 12. For simplicity, we choose H2 = 12.
Let X be a complex projective K3 surface with Pic(X) = Z[H] and H2 = 12.
Since w = (2,H, 3) is an isotropic vector, we have another K3 surface Y =MH(w).
Moreover, since v = (1,H, 4) is a vector such that (v,w) = 1 (or gcd(2, 3) = 1),
we have a universal family E and a derived equivalence as above. Now, the proof
of [Ste04, Theorem 2.4] shows that H2(X,Z) 6≃Hdg H2(Y,Z) and so the K3 surfaces
X and Y are not birational. That is, when n = 1 the answer to our Question 1.1
above is no. However, when n = 2, 3, 4 the answer to Question 1.1 is yes!
1The condition that (v,w) = 1 is equivalent to Mukai’s criterion that w = (r,H, s) for some
integers r and s satisfying gcd(r, s) = 1 and H2 = 2rs.
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To see this, we use [Yos01, Lemma 7.2] (with d0, d1, l = 1, r0 = 2 and k = 3)
which shows that the cohomological Fourier–Mukai transform acts as follows:
FHE : H∗(X,Z)→ H∗(Y,Z) ;

(1, 0, 0) 7→ (3, Ĥ , 2)
(0,H, 0) 7→ (12, 5Ĥ , 12)
(0, 0, 1) 7→ (2, Ĥ , 3) = w,
where Ĥ is an ample divisor class on Y . In particular, since FH
E
is a Hodge isometry
and X [2] ≃MX(1, 0,−1), we have
FHE (1, 0,−1) = FHE (1, 0, 0) −FHE (0, 0, 1) = (1, 0,−1),
and hence a birational map FE : X [2] 99K Y [2]. In this case, [Yos01, Theorem 7.6]
shows that FE is actually an isomorphism! See [Yos01, Example 7.2] for details.
Similarly, when n = 3 we have X [3] ≃ MX(1, 0,−2) ≃ MX(1,−H, 4), where the
second isomorphism is given twisting by OX(H). Thus, we see that
FHE (1,−H, 4) = FHE (1, 0, 0) −FHE (0,H, 0) + 4FHE (0, 0, 1) = −(1, 0,−2),
and hence FE [1] : MX(1,−H, 4) 99KMY (1, 0,−2) is a birational map X [3] 99K Y [3].
For n = 4, X [4] ≃ MX(1,−H, 3), and it is enough, by [BM14, Corollary 1.3], to
find an equivalence Φ : D(X)
∼−→ D(Y ) such that ΦH maps (1,−H, 3) to (1, Ĥ, 3).
If we set DX := Hom( , ωX)[2] to be the dualising functor and TOX to be the
spherical twist around OX then Φ := TOY ◦ DY ◦ FE does the job. Indeed, since
TH
OX
sends a class (r, c, s) to (−s, c,−r), we can check that we have
(1,−H, 3) F
H
E−−→ (−3,−Ĥ,−1) D
H
Y−−→ (−3, Ĥ,−1)
TH
OX−−−→ (1, Ĥ, 3).
For n = 5, we first note thatX [5] ≃MX(1,−H, 2) is birational toMX(2,H, 1) and
then observe that the second moduli space has a Li–Gieseker–Uhlenbeck contraction.
Indeed, the Hodge isometry TH
OX
[1] sends (1,−H, 2) to (2,H, 1) and the Mukai
vector w = (0, 0,−1) is an isotropic class which pairs with (2,H, 1) to give 2.
Now, if X [5] and Y [5] are birational then we have an induced map between their
second integral cohomology groups. Moreover, since a birational map preserves the
movable cone (cf. [Mar11, Section 6]), this map can either send the exceptional
divisor of the Hilbert–Chow (HC) contraction to itself or to the exceptional divisor
of the Li–Gieseker–Uhlenbeck (LGU) contraction. In particular, if HC were mapped
to LGU then we would contradict the fact that a birational map between Hilbert
schemes necessarily sends primitive classes to primitive classes, whereas if HC were
mapped to HC then the orthogonal complements must be Hodge-isometric as well,
i.e. H2(X,Z) ≃Hdg H2(Y,Z), and hence the underlying K3s would be isomorphic
which they are not. Thus, by contradiction, X [5] and Y [5] cannot be birational.
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The key thing about the previous argument is that the movable cone of X [5] has
two different boundary walls. For a Picard rank one K3 surface X, the movable
cone of the Hilbert scheme X [n] has two boundary walls. At least one of these
boundaries is a Hilbert–Chow wall, and so we are essentially looking to see if the
other wall is a different type: Brill–Noether (BN), Li–Gieseker–Uhlenbeck (LGU),
or Lagrangian fibration (LF). If it is then a similar argument to case of n = 5 above
shows that X [n] and Y [n] cannot be birational, where Y =MX(2,H, 3).
Proposition 1.2. If (X,H) is a polarised K3 surface with H2 = 12 then the moduli
space Y =MX(2,H, 3) is another K3 surface with D(X
[n]) ≃ D(Y [n]) for all n ≥ 1.
Moreover, the Hilbert schemes X [n] and Y [n] are birational if and only if there is a
solution to either of the Pell’s equations:
2(n − 1)x2 − 3y2 = ±1 or 3(n − 1)x2 − 2y2 = ±1.
In particular, when n = 5, 6, 7, 8, 9, 11, . . . , these Hilbert schemes are not birational.
Proof. As discussed above, the derived Torelli theorem of Mukai and Orlov [Orl97]
shows that D(X) ≃ D(Y ) and hence Ploog’s result [Plo07, Proposition 8] ensures
that D(X [n]) ≃ D(Y [n]) for all n ≥ 1. The conditions on when the Hilbert schemes
are birational can be found in Theorem 2.2 below. 
Remark 1.3. We can summarise part of Proposition 1.2, and in particular the
answers to Question 1.1 for the example when X = K3, Pic(X) = Z[H], H2 = 12,
and Y =MX(2,H, 3), with the following table:
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
birational? ✗ ✓ ✓ ✓ ✗ ✗ ✗ ✗ ✗ ✓ ✗ ✓ ✗ ✓ ✓ ✗ ✗
Remark 1.4. Notice that the Hilbert schemes X [n] and Y [n] in Proposition 1.2 are
all M-equivalent. Indeed, the Markman–Mukai lattices Λ˜ of X [n] and Y [n] are given
by H∗(X,Z) and H∗(Y,Z), respectively; these are Hodge isometric by [Orl97]. When
n = pk + 1 for some positive integer k, we can use Verbitsky’s Torelli theorem to
conclude that the non-birational examples are also not H-equivalent. For example,
when n = 5, 6, 8, 9, 17, ... the examples in Remark 1.3 are not H-equivalent, but for
n = 7, 11, 13, 16, 19, . . . Torelli does not hold and so we cannot say whether they
are H-equivalent or not. This information should be taken into consideration along
with the diagram in (1). Finally, let us point out that all of these pairs of Hilbert
schemes are also deformation equivalent to each other, and thus complement the
recent articles mentioned in the introduction.
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1.2. K3s with many FM partners. A second way to produce examples is by
considering K3 surfaces with many Fourier–Mukai partners. However, this produces
less “constructible” examples, as the following shows.
Proposition 1.5. Let (X,H) be a K3 surface of degree 2pqr and Picard rank one,
where p, q, r are relatively prime integers greater than 1. Then, for all n, there exists
a K3 surface Y such that D(X [n]) ≃ D(Y [n]) and X [n] is not birational to Y [n].
Proof. From the condition on the degree of the polarisation of X, it follows from
[Ogu02] that X has four non-isomorphic Fourier–Mukai partners: X,Y,Z,W . Since
X has Picard rank one, we see that for every n > 1, the movable cone of X [n] has ex-
actly two extremal rays. Suppose, for a contradiction, that three of the four Hilbert
schemes X [n], Y [n], Z [n] and W [n] are all birational. Then these three birational
maps induce maps between the movable cones of these Hilbert schemes, sending
extremal rays to extremal rays. In particular, it follows from the arguments given
in Section 1.1 that two of these Hilbert schemes must have Hodge isometric second
integral cohomology groups with an isometry preserving the class of the exceptional
divisor. Hence, the second integral cohomology groups of the underlying K3s must
be Hodge isometric as well, meaning that two of the Fourier–Mukai partners are
isomorphic, which they are not. Thus, by contradiction, two of the Hilbert schemes
cannot be birational for any n ≥ 1. 
2. Criterion For Birationality of Hilbert Schemes
We give a criterion for when Hilbert schemes of points on certain K3 surfaces are
birational. More specifically, given a K3 surface X and a FM-partner Y =MX(v),
we provide a criterion which determines precisely when X [n] is birational to Y [n].
First of all, let us start by recalling some properties of moduli spaces on K3 surfaces
of Picard rank one: let (X,H) be a polarised K3 surface such that Pic(X) = ZH.
Proposition 2.1. Let v = (r, cH, x) be a primitive isotropic Mukai vector. Then
the following holds:
(i) There exist integers p, s, q, t such that (r, cH, x) = (p2s, pqH, q2t), where
H2 = 2st and gcd(p, q) = 1.
(ii) IfMX(r, cH, x) is fine then (r, cH, x) = (p
2s, pqH, q2t) with gcd(ps, qt) = 1.
Moreover, in this case MX(p
2s, pqH, q2t) ≃MX(s,H, t).
(iii) MX(s,H, t) ≃MX(s′,H, t′) if and only if {s, t} = {s′, t′}.
Proof. We set p := gcd(r, c). Since v is primitive and isotropic, we have gcd(p, x) = 1
and c2H2/2 = rx, respectively. Thus, we see that p2 | r. If we set r = p2s and
c = pq then we must have q2H2/2 = sx and gcd(p2s, pq) = p. This implies that we
have gcd(q, s) = 1, and hence x = q2t and H2/2 = st.
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Recall from [HL10, Corollary 4.6.7] that MX(r, cH, x) is a fine moduli space if
and only if gcd(r, cH2, x) = 1. Hence gcd(r, x) = 1 = gcd(ps, qt).
By [Ma08, §5.2 and Prop. 5.6], the Mukai vector (p2s, pqH, q2t) = p2s exp( q
ps
H)
corresponds to (k, s) in [Ma08, Equation (21)], where k is any integer. Since this
identification is independent of p, q, we get MX(p
2s, pqH, q2t) ≃ MX(s,H, t). The
last claim is the content of [HLOY03] (see also [Ma08, Prop. 5.6]). 
The previous proposition, together with Verbitsky’s global Torelli theorem [Ver13],
Markman’s computation of the monodromy group [Mar10], and Bayer and Macr`ı’s
results about the ample cone of moduli spaces [BM14], gives the following:
Theorem 2.2. Let X and Y be two derived equivalent K3 surfaces of Picard rank
one. Then, X [n] is birationally equivalent to Y [n] if and only if p2s(n−1)−q2t = ±1
and Y =MX(p
2s, pqH, q2t). Moreover, {s, t} is uniquely determined by Y .
Proof. By the global Torelli theorem for irreducible symplectic manifolds, X [n] and
Y [n] are birational if and only if they are Hodge isometric through a monodromy
operator. By Markman’s computation of the monodromy groups (see [BM14, Corol-
lary 1.3]), this means that such an isometry extends to the Mukai lattice associated
to the two K3s X and Y . Thus, X [n] is birationally equivalent to Y [n] if and only
if there is a primitive isotropic Mukai vector w = ±(p2s, pqH, q2t) ∈ H∗(X,Z) such
that 〈(1, 0, 1 − n),w〉 = 1 and Y ≃ MX(w). The first condition is equivalent to
p2s(n − 1) − q2t = ±1 and, by Proposition 2.1, the pair {s, t} is determined by Y .
Notice that the Mukai vector w will correspond to the Hilbert–Chow (birational)
contraction on X [n] which has Y (n) as the base variety. 
Remark 2.3. Notice that because the pair {s, t} is determined byMX(p2s, pqH, q2t)
and MX(s,H, t) ≃ MX(t,H, s) by Proposition 2.1(iii), we actually have two Pell’s
equations governing the birationality. That is, if we want to check whether two
Hilbert schemes are birational then we need to find a solution to either:
p2s(n− 1)− q2t = ±1 or p2t(n− 1)− q2s = ±1.
Let us look back at the case analysed in Proposition 1.2:
Example 2.4. If H2 = 12 then the only Fourier–Mukai partner of X, other than
itself, is given by Y := MX(2,H, 3). For n = 5, it is easy to see that there is
no solution to 8p2 − 3q2 = ±1 or 12p2 − 2q2 = ±1. Hence, X [5] and Y [5] are
not birationally equivalent. For n = 10, we have 〈(1, 0,−9), (27, 33H, 242)〉 = 1,
and so X [10] and Y [10] are birational. Similarly, for n = 12, we can observe that
〈(1, 0,−11), (3, 4H, 32)〉 = 1, hence X [12] and Y [12] are birational.
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Example 2.5. If H2 = 130 = 2 · 5 · 13 then we have two Fourier–Mukai partners
and the non-trivial partner is given by Y =MX(5,H, 13). By Theorem 2.2, we see
that X [n+1] is birational to Y [n+1] if and only if there is a solution to either:
5np2 − 13q2 = ±1 or 13np2 − 5q2 = ±1.
Reducing these equations modulo 5 and 13, respectively, we see that there are no
solutions to 13q2 = ±1 mod 5 or 5q2 = ±1 mod 13. This shows that there are no
solutions to the original equations for any n. In other words, whilst these Hilbert
schemes are always derived equivalent, they are, in fact, never birational!
2.1. Counting birational equivalence classes. An interesting question concerns
the number of non-birational derived equivalent Hilbert schemes that we can pro-
duce starting from the set of Fourier–Mukai partners of X. As we analysed in the
previous sections, the two numbers are strictly linked: for any X as above, the
Hilbert scheme X [n] has precisely two boundaries of the movable cone and they
only depend on the algebraic part of its Hodge structure, hence the Hilbert scheme
Y [n] on any Fourier–Mukai partner Y of X has the same geometry of rays making
up the movable cone, see [BM14, Prop. 13.1]. If X [n] and Y [n] are birational for two
different Mukai partners X and Y , then one ray from each cone has to correspond
to the Hilbert–Chow contractions. Therefore, if N is the number of Fourier–Mukai
partners of X, the number B of birational equivalence classes of Hilbert schemes
of points on these partners is either N or N/2. Indeed, the former occurs when
X [n] is not birational to any other Y [n], and the latter occurs when there is a single
Y [n] birational to X [n] which represents the second Hilbert-Chow wall. Note that
as soon as X [n] is birational to Y [n] for a single Fourier–Mukai partner Y of X then
the same happens for all Fourier–Mukai partners of X.
When N = B, we have one of the following:
• There is a Hilbert–Chow wall and a different divisorial contraction on X [n].
• X [n] has a Lagrangian fibration.
• There are two Hilbert–Chow walls in the movable cone of X [n] which are
exchanged by a birational map.
To state the result properly, we need to introduce a few more notations and results
contained in [YY14]. In loc. cit., the results are stated for Abelian surfaces but they
still hold for K3 surfaces mutatis mutandis. We assume that
√
(n − 1)d 6∈ Z, where
d = H2/2 is half the degree of the K3 surface as before and n > 2.
Definition 2.6. For (x, y) ∈ R2, set
P (x, y) :=
(
y (n− 1)x
x y
)
.
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We also set
Sd,n :=

(
y (n− 1)x
x y
) ∣∣∣∣∣ x = a
√
s, y = b
√
t, a, b, s, t ∈ Z
s, t > 0, st = d, y2 − (n− 1)x2 = ±1
 .
The group we just defined has the following structure:
Lemma 2.7. If n > 2, then Sd,n/± 1 is an infinite cyclic group.
Proof. See [YY14, Corollary 6.6]. 
The key use of this group is that its action allows us to determine different
presentations of the Mukai vector (1, 0, 1 − n) corresponding to the Hilbert scheme
of points on X as a sum of two isotropic vectors (which will correspond to the
Mukai vectors (1, 0, 0) and (0, 0, 1−n) on a Fourier–Mukai partner of X), as proven
in [YY14, Lemma 6.8]. The number B then depends on a generator of Sd,n/± 1:
Proposition 2.8. We set N := 2ρ(d)−1, where ρ(d) is the number of prime divisors
of d, and assume n > 2. Let X1, ...,XN be all the Fourier–Mukai partners of X and
B := {Xi[n] | i = 1, ..., N}/ ∼
be the set of birational equivalence classes of Xi
[n]. Then |B| is either N or N/2.
Proof. Let P (a
√
s, b
√
t) ∈ Sd,n be a generator of Sd,n/± 1. Then, for any P (x, y) ∈
Sd,n,
(x, y) = (a′
√
s, b′
√
t) or (a′
√
d, b′).
Hence Xi
[n] is birationally equivalent toXj
[n] if and only if Xi =MXj (a
2s, abH, b2t).
In particular, we have
|B| =
{
N/2, {s, t} 6= {1, d}
N, {s, t} = {1, d} (2)
using the same arguments as presented at the start of Section 2.1. 
Example 2.9. If n = 2 then Sd,n ≃ (Z/2Z)⊕2 ⊕ Z and the torsion subgroup is{
±
(
1 0
0 1
)
,±
(
0 1
1 0
)}
= {±P (1, 0),±P (0, 1)} .
For a generator P (a
√
s, b
√
t) of a cyclic subgroup, we have a similar claim to (2).
Example 2.10. If there are integers p, q satisfying dp2 − (n − 1)q2 = ±1, then
|B| = N . In particular, if n− 1 = dp2 ± 1, then |B| = N .
Remark 2.11. Assume that
√
d(n− 1) ∈ Z. In this case, p2s(n − 1) − q2t = ±1
implies gcd(s(n− 1), t) = 1. Hence
√
s(n− 1),√t ∈ Z. Then p = 0 and q2 = t = 1,
or q = 0 and p2 = s = n− 1 = 1. Hence MX(p2s, pqH, q2t) = X in Theorem 2.2.
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Summing all of this up, we have the following:
Proposition 2.12. Let X be a K3 surface of degree 2d with Picard rank one and
let n > 3 be an integer.
(1) If
√
d(n − 1) 6∈ Z, Mov(X [n]) is defined by (0, 0, 1) and a primitive v1,
where v1 satisfies one of the following.
(a) If v1 = (p
2s, pqH, q2t) with p2s(n − 1) − q2t = ±2, the primitivity of
v1 implies gcd(ps, q) = gcd(p, t) = 1 and P (pq
√
d, p2s(n − 1) ∓ 1) is
the generator of Sd,n/ ± 1. In this case, v1 defines a Li–Gieseker–
Uhlenbeck contraction, therefore B = N .
(b) If v1 = (r, cH, r(n− 1)) with c2d− r2(n− 1) = −1, then the generator
of Sd,n/ ± 1 is P (r, c
√
d). In this case, v1 defines a Brill–Noether
contraction, therefore B = N .
(c) If v1 = (p
2s, pqH, q2t) with p2s(n − 1) − q2t = ±1, then P (p√s, q√t)
is the generator of Sd,n/± 1. In this case, v1 defines a Hilbert–Chow
contraction, therefore B = N if {s, t} = {1, n} and B = N/2 other-
wise.
(2) Assume that d(n − 1) is a perfect square. Then Mov(X [n]) is defined by
(0, 0, 1) and a primitive v1. In this case, v1 defines a Lagrangian fibration
and B = N .
Remark 2.13. If we set v = (1, 0, 1 − n) then case (a) of Proposition 2.12 is
governed by the conditions (v1,v) = ±2 and v21 = 0, which amounts to finding
solutions of the following Pell’s equation:
x2 − d(n− 1)y2 = 1
such that (n − 1) | x+ 1. Similarly, for case (c) we have (v1,v) = ±1 and v21 = 0,
which gives rise to:
x2 − 4d(n − 1)y2 = 1
such that 2(n − 1) | x+ 1.
Remark 2.14. In Proposition 2.12, the assumption on n is needed as, if n = 3,
then there may exist a Hilbert–Chow contraction with 〈v1, (1, 0,−2)〉 = ±2.
References
[ADM16] Nicolas Addington, Will Donovan, and Ciaran Meachan. Moduli spaces of torsion
sheaves on K3 surfaces and derived equivalences. J. Lond. Math. Soc. (2), 93(3):846–865,
2016.
[ADS15] Nicolas Addington, Will Donovan, and Ed Segal. The Pfaffian-Grassmannian equiva-
lence revisited. Algebr. Geom., 2(3):332–364, 2015.
DERIVED EQUIVALENT NON-BIRATIONAL HILBERT SCHEMES 11
[BC09] Lev Borisov and Andrei Ca˘lda˘raru. The Pfaffian-Grassmannian derived equivalence. J.
Algebraic Geom., 18(2):201–222, 2009.
[BCP17] Lev Borisov, Andrei Ca˘lda˘raru, and Alexander Perry. Intersections of two Grassmanni-
ans in P9. Arxiv preprint arXiv:1707.00534, 2017.
[BM14] Arend Bayer and Emanuele Macr`ı. MMP for moduli of sheaves on K3s via wall-crossing:
nef and movable cones, Lagrangian fibrations. Invent. Math., 198(3):505–590, 2014.
[BO02] A. Bondal and D. Orlov. Derived categories of coherent sheaves. In Proceedings of the
International Congress of Mathematicians, Vol. II (Beijing, 2002), pages 47–56. Higher
Ed. Press, Beijing, 2002.
[HL10] Daniel Huybrechts and Manfred Lehn. The geometry of moduli spaces of sheaves. Cam-
bridge Mathematical Library. Cambridge University Press, Cambridge, second edition,
2010.
[HL17] Daniel Halpern-Leistner. The D-equivalence conjecture for moduli spaces of sheaves on
a K3 surface. Sketch proof, 2017.
[HLOY03] Shinobu Hosono, Bong H. Lian, Keiji Oguiso, and Shing-Tung Yau. Fourier-Mukai
partners of a K3 surface of Picard number one. In Vector bundles and representation
theory (Columbia, MO, 2002), volume 322 of Contemp. Math., pages 43–55. Amer.
Math. Soc., Providence, RI, 2003.
[Huy99] Daniel Huybrechts. Compact hyperka¨hler manifolds: basic results. Inventiones mathe-
maticae, 135(1):63–113, 1999.
[Kap13] Micha l Kapustka. Mirror symmetry for Pfaffian Calabi–Yau 3-folds via conifold transi-
tions. Arxiv preprint arXiv:1310.2304, 2013.
[KR17] Micha l Kapustka and Marco Rampazzo. Torelli problem for Calabi–Yau threefolds with
GLSM description. Arxiv preprint arXiv:1711.10231, 2017.
[Kuz07] Alexander Kuznetsov. Homological projective duality. Publ. Math. Inst. Hautes E´tudes
Sci., (105):157–220, 2007.
[Ma08] Shouhei Ma. On the 0-dimensional cusps of the Ka¨hler moduli of a K3 surface. Arxiv
preprint arXiv:0812.4132, 2008.
[Man17] Laurent Manivel. Double spinor Calabi–Yau varieties. Arxiv preprint arXiv:1709.07736,
2017.
[Mar10] Eyal Markman. Integral constraints on the monodromy group of the hyperKa¨hler res-
olution of a symmetric product of a K3 surface. Internat. J. Math., 21(2):169–223,
2010.
[Mar11] Eyal Markman. A survey of Torelli and monodromy results for holomorphic-symplectic
varieties. In Complex and differential geometry, volume 8 of Springer Proc. Math., pages
257–322. Springer, Heidelberg, 2011.
[Muk81] Shigeru Mukai. Duality between D(X) and D(X̂) with its application to Picard sheaves.
Nagoya Math. J., 81:153–175, 1981.
[Muk87] Shigeru Mukai. On the moduli space of bundles on K3 surfaces. I. In Vector bundles
on algebraic varieties (Bombay, 1984), volume 11 of Tata Inst. Fund. Res. Stud. Math.,
pages 341–413. Tata Inst. Fund. Res., Bombay, 1987.
[Nam02] Yoshinori Namikawa. Counter-example to global Torelli problem for irreducible sym-
plectic manifolds. Math. Ann., 324(4):841–845, 2002.
DERIVED EQUIVALENT NON-BIRATIONAL HILBERT SCHEMES 12
[Ogu02] Keiji Oguiso. K3 surfaces via almost-primes. Math. Res. Lett., 9(1):47–63, 2002.
[Oka18] Shinnosuke Okawa. An example of birationally inequivalent projective symplectic vari-
eties which are D-equivalent and L-equivalent. Arxiv preprint arXiv:1801.09385, 2018.
[OR17] John Christian Ottem and Jørgen Vold Rennemo. A counterexample to the birational
Torelli problem for Calabi–Yau threefolds. Arxiv preprint arXiv:1706.09952, 2017.
[Orl97] Dmitri Orlov. Equivalences of derived categories and K3 surfaces. J. Math. Sci. (New
York), 84(5):1361–1381, 1997. Algebraic geometry, 7.
[Plo07] David Ploog. Equivariant autoequivalences for finite group actions. Adv. Math.,
216(1):62–74, 2007.
[Ste04] Paolo Stellari. Some remarks about the FM-partners of K3 surfaces with Picard num-
bers 1 and 2. Geom. Dedicata, 108:1–13, 2004.
[Ver13] Misha Verbitsky. Mapping class group and a global Torelli theorem for hyperka¨hler
manifolds. Duke Math. J., 162(15):2929–2986, 2013. Appendix A by Eyal Markman.
[Yos01] Ko¯ta Yoshioka. Moduli spaces of stable sheaves on abelian surfaces. Math. Ann.,
321(4):817–884, 2001.
[YY14] Shintarou Yanagida and Ko¯ta Yoshioka. Bridgeland’s stabilities on abelian surfaces.
Math. Z., 276(1-2):571–610, 2014.
School of Mathematics, University of Glasgow, Scotland
E-mail address: ciaran.meachan@glasgow.ac.uk
Dipartimento di Matematica, Universita´ di Bologna, Italia
E-mail address: giovanni.mongardi2@unibo.it
Department of Mathematics, Kobe University, Japan
E-mail address: yoshioka@math.kobe-u.ac.jp
